Abstract. Let G be a compact Lie group acting on a smooth manifold M . In this paper, we consider Meinrenken's G-equivariant bundle gerbe connections on M as objects in a 2-groupoid. We prove this 2-category is equivalent to the 2-groupoid of gerbe connections on the differential quotient stack associated to M , and isomorphism classes of G-equivariant gerbe connections are classified by degree three differential equivariant cohomology. Finally, we consider the existence and uniqueness of conjugation-equivariant gerbe connections on compact semisimple Lie groups.
Introduction
While there exist several models for S 1 -banded gerbes with connection, working directly with any of them necessarily involves technical details and subtleties, and the complexity grows rapidly should one consider p-gerbes for p > 1. However, there is a relatively simple classification of gerbe connections up to isomorphism, which is given by degree 3 differential cohomology (Deligne cohomology) and fits into the pattern (1.1)
Because the groups H n (M ) fit into short exact sequences involving differential forms and ordinary cohomology, one can use elementary techniques to get a strong foothold in the gerbe world.
Assume now that G is a compact Lie group acting smoothly on a finite-dimensional manifold M . This paper's aim is to further develop the theory of G-equivariant gerbe connections in a manner analogous to G-Bun S 1 ,∇ (M ), the groupoid of G-equivariant S 1 -bundles on M with G-invariant connection. We do so by considering two specific models. The first is denoted G-Grb ∇ (M ), the 2-groupoid of G-equivariant bundle gerbes on M with G-equivariant connection. Its objects, which were defined by Meinrenken [Mei] and further investigated by Stiénon [Sti] and Tu-Xu [TX] , are differential-geometric in the same way as Murray's bundle gerbes with connection [Mur] . We define a 2-categorical structure on G-Grb ∇ (M ) by adapting Waldorf's 2-groupoid structure on Grb ∇ (M ) in a straightforward way [Wal1] .
The second model uses the language of higher stacks, or sheaves of ∞-groupoids on the site of manifolds. For M ∈ G-Man we consider the differential quotient stack E ∇ G × G M , which associates to every test manifold X the groupoid of principal G-bundles with connection (P, Θ) ∈ Bun G,∇ (X), together with G-equivariant map f : P → M . In [Red1] , the differential equivariant cohomology groups were defined as
suitably interpreted, and it was shown that they fit into short exact sequences (2.21)-(2.23) involving the Borel equivariant cohomology H
Background and conventions
We begin by recalling background information and explaining notation, most of which follows the conventions from [Red1, Red2, FH] ; see [BNV, Lur] for further details. Throughout this paper, we work in the large category Man of smooth manifolds with smooth maps.
2.1. Sheaves of ∞-groupoids on the site of manifolds. While we use the language of sheaves and infinity categories, the reader unfamiliar with such terms should not worry. Our sheaves are simply structures that naturally pullback, and our infinity-groupoids arise from ordinary n-categorical structures with n ≤ 2. The particular model of ∞-Gpd we use is the category of Kan complexes, viewed as a simplicially enriched full subcategory of simplicial sets. Most of our arguments, though, are model-independent.
Any set is naturally a groupoid (a category whose morphisms are all invertible) with only the identity morphisms, and any groupoid determines a 2-groupoid with trivially defined 2-morphisms. We freely use these natural embeddings (fully faithful functors) Set ֒→ Gpd ֒→ 2-Gpd ֒→ ∞-Gpd, but we do not denote them by extra symbols. For example, the map Gpd ֒→ ∞-Gpd is the nerve construction, but we usually avoid the symbol N and instead write Gpd ⊂ ∞-Gpd. While this may be technically imprecise, we believe it is easier to read and will cause no confusion.
Remark 2.1. Many of our constructions can be regarded as strict 2-categories. However, the main results come after passing to ∞-Gpd, so issues such as strict 2-category versus bicategory will be irrelevant. Therefore, we use the term 2-groupoid to refer to ∞-groupoids whose homotopy groups vanish above degree 2.
A morphism ϕ : C → C ′ in ∞-Gpd is an equivalence of ∞-groupoids if it is a homotopy equivalence between the two underlying simplicial sets. Since C, C ′ are Kan complexes, ϕ is an equivalence if and only if it induces isomorphisms between all homotopy groups. When C, C ′ are 2-groupoids, the homotopy groups π n (C ( ′ ) ) vanish for all n > 2. Hence ϕ is an equivalence of 2-groupoids if and only if: ϕ induces a bijection between isomorphism classes of objects π 0 (C) ∼ = π 0 (C ′ ); and ϕ induces an equivalence of categories Aut C (x) ≃ Aut C ′ (ϕ(x)) for all objects x ∈ C. Note that since all morphisms are invertible, this implies the equivalence of categories C(x, y) ≃ C ′ (ϕ(x), ϕ(y)) for all x, y ∈ C. While we usually use the symbol ≃ to denote equivalences, we sometimes use ∼ = when an explicit functor has been constructed.
Define Pre ∞ as the (∞, 1)-category of ∞-Gpd-valued presheaves on the site of manifolds. It is the collection of functors Pre ∞ := Fun(Man op , ∞-Gpd). We will be primarily interested in presheaves that satisfy a certain sheaf condition.
For M ∈ Man, we call a surjective submersion Y π − → M a cover of M and define the associated fiber products
with associated projection maps π i1i2···i k :
. These manifolds form a simplicial manifold Y [•] : ∆ op → Man. When Y → M is G-equivariant, we refer to it as a G-cover. Define Shv ∞ as the full subcategory of Pre ∞ whose objects F satisfy the following sheaf/descent condition: for any cover U → X with discrete fibers, the natural map (2.2)
is an equivalence in ∞-Gpd. This recovers the usual sheaf condition when F is Set-valued, and it recovers the stack condition for presheaves of groupoids (for this reason objects in Shv ∞ are often called ∞-stacks). The inclusion Shv ∞ ֒→ Pre ∞ has a left adjoint L, which we call the sheafification, that gives natural equivalences of ∞-groupoids
Gpd is the collection of maps F → F ′ , which are natural transformations between the functors F , F ′ ∈ Fun(Man op , ∞-Gpd).
Relevant examples.
Example 2.4 (Smooth maps and Yoneda). Any manifold M ∈ Man defines a sheaf M ∈ Shv ∞ , whose value on a test manifold X is given by the set of smooth functions
The Yoneda Lemma states there is a natural equivalence
Example 2.5 (Differential forms). Let Ω n ∈ Shv ∞ be the sheaf that assigns to any test manifold X the differential n-forms Ω n (X) ∈ Set ⊂ ∞-Gpd. Note that Ω n (X) is considered as a category with no non-trivial morphisms, as opposed to the ∞-groupoid obtained from
Example 2.6 (Bundles). For X ∈ Man and K a Lie group, let Bun K,∇ (X) denote the groupoid of principal K-bundles with connection on X; morphisms are bundle isomorphisms preserving the connection and covering the identity map on X. Principal bundles and connections naturally pullback along smooth maps, and they can be glued, thus defining a
Similarly, we can ignore connections and define a stack by (BK)(X) := Bun K (X).
For G a Lie group, assumed to be compact throughout this paper, let G-Man denote the category whose objects are smooth manifolds equipped with a smooth (left) G-action, and whose morphisms are G-equivariant smooth maps. We follow the convention that M ∈ G-Man has a left G-action, P ∈ Bun G (X) has a right G-action, and inverses are used to switch between left/right actions when necessary.
Example 2.7 (Quotient stacks). If M ∈ G-Man, define the differential quotient stack E ∇ G × G M ∈ Shv ∞ by assigning to a test manifold X the groupoid whose objects are (P, Θ, f ), where (P, Θ) ∈ Bun G,∇ (X) and f : P → M is a G-equivariant map. Morphisms are given by morphisms in Bun G,∇ (X) compatible with maps f . When M = pt, which is trivially
similarly, but without including connections. The quotient stack serves as a replacement for the more familiar homotopy quotient EG × G M , and the adjective "differential" indicates the presence of local geometric data given by differential forms.
Remark 2.8. For M ∈ G-Man, the action groupoid is the Lie groupoid (G × M ⇒ M ), which becomes the simplicial manifold M/ /G = G
• ×M when viewed in ∞-Gpd. The Yoneda embedding gives rise to a presheaf of groupoids with value
on a test manifold X. This presheaf does not satisfy the descent condition, but its sheafification is equivalent to the quotient stack L(M/ /G)
where Ω 1 (g) is the sheaf of g-valued 1-forms [FH] .
When BK is regarded as a fixed topological space, there is no natural way to choose a classifying map X → BK for a given bundle with connection (P, Θ) ∈ Bun K,∇ (X). In contrast, the Yoneda Lemma says that (P, Θ) is naturally equivalent to a map of stacks
Building upon this idea, we extend structures from manifolds to structures on sheaves in the following way. For F , M ∈ Shv ∞ , define
When M is a manifold, we recover the usual definition of F (M ). If F (X) ∈ n-Gpd for all X, then F (M ) ∈ n-Gpd as well.
Example 2.9 (Equivariant forms). There is a natural isomorphism Ω G (M ) ∼ = Ω(E ∇ G× G M ) [FH] , which we now explain. The cochain complex (Ω and for compact G there is a natural de Rham isomorphism
If (P, Θ) ∈ Bun G,∇ (X) with curvature Ω, the Weil homomorphism induces a natural map (2.10)
since Ω n (X) has no non-trivial morphisms, a map of principal G-bundles P ′ ϕ − → P gives an equality of differential forms
In [FH] , Freed-Hopkins show the natural map induced by the Weil homomorphism gives an isomorphism, or bijection of sets, 
, since Mathai-Quillen give a natural isomorphism of cochain complexes (not merely a quasiisomorphism) between the Cartan and Weil models [MQ, Kal] .
For M ∈ G-Man, let G-Bun K,∇ (M ) denote the groupoid of G-equivariant principal Kbundles on M with G-invariant connection; morphisms are G-equivariant bundle isomorphisms that preserve the connections. For brevity, we refer to
Suppose that P ∈ G-Man has a free G-action, so that we can regard P ∈ Bun G (X). Any Q ∈ G-Bun K (P ) naturally descends to a bundle Q/G ∈ Bun K (X). However, a K-connection Θ Q on Q will descend to Q/G if and only if it is G-basic. If (P, Θ P ) ∈ Bun G,∇ (X), then there is a canonical way to modify the connection on Q by Θ P , producing a G-basic connection
as explained in [Red1, Section 4.2] and [Red2, Section 3] . This connection form on Q/G equals the image of Θ G ∈ Ω 1 G (Q; k), the G-equivariant extension of Θ Q , under the Weil homomorphism (2.10). Reusing the same symbol, for any (P, Θ P ) ∈ Bun G,∇ (X) we denote the natural descent functor by (2.14) G-Bun K,∇ (P )
Example 2.15 (Equivariant connections). The construction (2.14) naturally induces a
, as explained in both [Red1, Section 4.2] and [Fre] .
using the composition
This construction establishes a functor between groupoids
which was proven to be an equivalence in [Red2] through the construction of an explicit inverse functor. Furthermore, consider the map
As shown in [Red1, Theorem 5.3] and [Fre, Theorem 8] , the induced map on differential forms
G (M ) recovers the familiar equivariant Chern-Weil homomorphism of Berline-Vergne [BV] .
Example 2.18 (Gerbes). When working with gerbes, we always consider gerbes with band S 1 . Let Grb ∇ (X) ∈ 2-Gpd be the 2-groupoid of bundle gerbes with connection on X, as defined in [Wal1] and described in Section 3. As explained in [NS, Section 4 .1], bundle gerbes satisfy the descent condition (2.2), and we denote the corresponding 2-stack by
When M ∈ G-Man, the discussion of equivariant connections in Example 2.15 suggests that a "correct" definition of G-equivariant gerbe connections on M is given by
This claim is what we ultimately prove in Theorems 4.15 and 4.16.
2.3. Cohomology and differential cohomology. Using sheaves of ∞-groupoids on manifolds allows us to easily work with cohomology and differential cohomology. In doing so, we often use the Dold-Kan equivalence between non-negatively graded chain complexes of abelian groups and simplicial abelian groups
Let A be a sheaf of abelian Lie groups, viewed as a Set-valued sheaf; i.e. A(X) ∈ Ab ⊂ Set ⊂ ∞-Gpd for every X ∈ Man. By placing A in degree n of a chain complex, using the Dold-Kan functor and sheafifying, one gets an object
For M ∈ Shv ∞ , define the sheaf cohomology with coefficients in A by
If M ∈ Man, then H * Shv (M ; A) recovers the traditional sheaf cohomology groups [Bro, Lur] .
) is a Shv ∞ analogue of an Eilenberg-MacLane space. Since K (A, n) is homotopy-invariant, the arguments and techniques from [BNV] imply natural isomorphisms
as proven in [Red1, Proposition 6.7] .
The differential cohomology groups, also known as Cheeger-Simons differential characters [CS] or Deligne cohomology [Del, Bry1] , can be defined in a similar way [BNV, FSS, HQ] .
Following the notation from [Red1] , let K (Z, n) ∈ Shv ∞ be a homotopy pullback in the
For M ∈ G-Man we define the differential equivariant cohomology groups as
Just as with traditional differential cohomology, the groups H * G (M ) sit in the following three short exact sequences [Red1] .
Here A n (M ) denotes the pullback (of sets) in the diagram (2.24)
which all maps are surjective. The subscript Z denotes the closed forms with integer periods and their image in de Rham cohomology. The groups H n G (M ) were also defined, independently and using different techniques, in [KT] . 
. This gives further evidence that Grb ∇ (E ∇ G× G M ) is a desirable model for equivariant gerbe connections.
The 2-groupoid of equivariant bundle gerbe connections
For a G-manifold M ∈ G-Man, we consider a geometrically defined 2-category G-Grb ∇ (M ) of G-equivariant bundle gerbe connections, which is an abbreviated way of saying "Gequivariant bundle gerbes on M with G-equivariant connection." Essentially, this is obtained from Waldorf's 2-groupoid Grb ∇ (M ) of bundle gerbes with connection (and invertible 1-morphisms) [Wal1] and appending the adjective "G-equivariant" to everything; G-Grb ∇ (M ) reduces to Grb ∇ (M ) when G is the trivial group. The objects in G-Grb ∇ (M ) were originally defined by Meinrenken [Mei] and further developed by Stiénon [Sti] and Tu-Xu [TX] . The key point is that the curving 2-form is an equivariant 2-form in Ω 2 G (Y ), as opposed to other possible definitions [GSW1, Gom2] . We define the groupoid of morphisms in G-Grb ∇ (M ) by adapting Waldorf's structures [Wal1] to the equivariant setting.
For
, which is given by the alternating sum of pullbacks. When G is compact, the natural sequences
are exact, as shown in [Sti, Lemma 3.3] .
We also use δ to denote the analogous construction for S 1 -bundles. In particular, for
and for
The construction δ also extends to G-equivariant principal S 1 -bundles with G-invariant connection on Y
[k] , which we denote by G-Bun
. We denote the trivial bundle (with trivial connection) by 1, as it is naturally a unit under the tensor product.
Remark 3.4. Our notation implicitly uses the natural equivalence between principal S 1 -bundles with connection and Hermitian line bundles with connection. For example, the product of two principal S 1 -bundles is actually defined by the associated bundle construction, though we denote it by the tensor product. While our notation is technically imprecise, it is easier to read and should cause no confusion.
We now write the full definition of G-Grb ∇ (M ) for completeness, but almost all of Waldorf's arguments immediately generalize. This is because G-equivariant submersions and G-equivariant bundles pull back along G-equivariant maps, and the tensor product of two G-equivariant line bundles is again a G-equivariant line bundle. We will mainly reference Waldorf's proofs and only provide further details when some care is required.
3.1. The definition.
Definition 3.5 (Objects, c.f. [Wal1, Mei, Sti] ).
Remark 3.6. Readers feeling overwhelmed by the abundance of pullbacks can suppress them by writing π *
The key properties are then written as curv
Remark 3.9. Throughout the paper, we avoid writing pullbacks when they are obvious so as not to further complicate notation. For example, in the above definition we use
Remark 3.10. The 1-morphisms in [Wal1] are more general than those in Definition 3.8. We restrict restrict ourselves to Waldorf's invertible morphisms, which are given by vector bundles of rank one. An analog of Waldorf's "more morphisms" category can be obtained by letting (K, ∇) ∈ G-Bun U(n),∇ (M ), but we do not consider them in this paper.
, which can also be viewed as a 1-morphism in the groupoid
and is an equivalence class of the following:
• and an isomorphism β :
Morphisms can be easily composed using pullbacks, since the definitions of morphisms include the additional datum of a G-cover. These details are carefully discussed in [Wal1, Section 1], and they immediately generalize to the equivariant setting. Composition in the groupoid G-Grb ∇ ( L 1 , L 2 ), also referred to as vertical composition and denoted by •, is defined by the following. If J :
Horizontal composition of 2-morphisms is defined as well, and we refer the interested reader to [Wal1, for full details.
By ignoring all the connections and differential forms, we may similarly define G-Grb(M ), the 2-groupoid of G-equivariant gerbes without connection. There is a natural forgetful functor
which we denote by eliminating the hat symbol. By following the same arguments from [Wal1, Section 1], we conclude the following.
given by pulling back all relevant G-equivariant structures along G-equivariant maps.
The exact sequence (3.2), which assumes G is compact, implies that every L ∈ G-Grb(M ) admits a G-equivariant connection [Sti, Propostion 3.2] . In other words, the forgetful functor [Sti, Lemma 3.3] . As one would expect, the equivariant curvature depends only on the isomorphism class of L.
, which we suppress in the following calculation:
The first equality comes from the definition of equivariant gerbe curvature in (3.14). The second equality is in Definition 3.8 of 1-morphisms. The last equality follows because the equariant curvature of an equivariant S 1 -bundle connection is equivariantly closed.
There is a canonical trivial gerbe I ∈ G-Grb(M ) given by Y = M , L = 1, and µ ∼ = id under the canonical identification 1 ⊗ 1 ∼ = 1. Using the same G-cover id :
G (M ) and with underlying topological gerbe I. The trivial gerbe with trivial connection is then denoted
The natural Picard structure on the category of complex lines, given by the tensor product and the dual, naturally makes the category of S 1 -bundles into a Picard groupoid and the category of gerbes into a Picard 2-groupoid. These structures naturally carry over to the equivariant setting, and the same proofs that Waldorf gives in [Wal1] show that G-Grb ∇ (M ) is a symmetric monoidal 2-category in which all 1-and 2-morphisms are invertible, and all objects are invertible under the tensor product (symmetric monoidal) structure. The curvature 3-forms are additive with respect to tensor product,
The tensor units are I 0 ∈ G-Grb ∇ (M ) and I ∈ G-Grb(M ). In particular, there is a natural adjunction
. These fiber product morphisms, at least in the non-equivariant case, are often called stable isomorphisms [Ste] .
In [Wal1, Theorem 2.1] Waldorf shows that the inclusion Grb
is an equivalence of categories. The benefit is immediate: allowing arbitrary covers is a more natural definition of isomorphisms, but fiber product morphisms are easier to work with in practice. This equivalence of categories extends to the G-equivariant case, as stated in Proposition 3.22 below, and the proof is the same as Waldorf's argument in [Wal1] . We include some of these details, however, since the reader could potentially mistranslate one of Waldorf's arguments to the equivariant setting, as explained below.
Let Z ζ − → M be a G-cover. Define the category G-Bun desc S 1 ,∇ (ζ) as follows. Objects are triples (K, ∇, µ), where (K, ∇) ∈ G-Bun S 1 ,∇ (Z) and µ : ζ * 1 (K, ∇) → ζ * 2 (K, ∇) is an isomorphism over Z [2] satisfying the cocycle identity ζ *
The following Lemma 3.19 is well-known in the non-equivariant case of principal bundles considered without connections; see Brylinski [Bry1, p.187] . The version in [Wal1] is not proven directly, but instead Waldorf utilizes the well-known fact that S 1 -bundles with connection form a stack on the site of manifolds, something that G-Bun S 1 ,∇ (−) is not. The descent bundle, however, can be defined as a limit, and it will be G-equivariant if the original diagram was in G-Man. Since we could not find a reference for the equivariant version of descent, we include a full proof. 
is an equivalence of groupoids.
Proof. We shall prove that the functor ζ * is essentially surjective and fully faithful. We verify essential surjectivity by taking an object in the descent groupoid and defining a Gequivariant S 1 -bundle with connection over M through a quotient construction using the descent isomorphism. For any (K, θ, µ) ∈ G-Bun desc S 1 ,∇ (ζ) we define a relation ∼ on K as follows: For k ∈ K z1 and k
Since µ is an isomorphism of S 1 -bundles satisfying the cocycle identity, the relation ∼ is an equivalence relation. We construct a G-equivariant S 1 -bundle S over M as follows. Define S := K/ ∼ and topologize it by the map K → K/ ∼. The projection map π :
∈ S x and r ∈ S 1 , and the action is free and transitive, since S 1 acts on K as such. To show S is locally trivial, we take any x ∈ M and an open neighborhood U of x such that ζ splits locally by a smooth (non-equivariant) map σ : U → Z and the image of σ is properly contained in an open neighborhood V of σ(x) over which K is locally trivial by a local trivialization ϕ :
. This map is well-defined because, from the construction of σ, there is only one representative k of [k] that has π K (k) ∈ σ(U ), and it is clearly S 1 -equivariant. We now endow a G-action on S by g · [k] := [g · k] making S ∈ G-Bun S 1 (M ) since K, µ and ζ are G-equivariant, and the action commutes with the right S 1 -action on S. Now we define a G-invariant connection Θ on S. Let v 1 ∈ T k1 K and v 2 ∈ T k2 K, where π K (k i ) = z i for i = 1, 2. We define a relation v 1 ∼ * v 2 if there is a path (α(t), γ(t)) in ζ * 1 K and a path (β(t),
Here µ * denotes the derivative of µ. The relation ∼ * is an equivalence relation since ∼ is an equivalence relation and the push-forward is a functor. We define Θ ∈ Ω 1 (S) by
. This is well-defined: For any v 1 ∼ * v 2 and k 1 ∼ k 2 , we see that
The third equality follows from the fact that µ is a connection preserving isomorphism. It is easy to see that R * r Θ = Ad r −1 Θ and Θ(ρ(r)) = r for r ∈ R.
We also note that Θ is G-invariant:
The equality * follows from the G-invariance of the connection form θ. We verify that ζ * (S, Θ) is isomorphic to (K, θ). First we note that the map
is an isomorphism of G-equivariant S 1 -bundles. Now we see that ϕ * ζ * Θ = θ. Here ζ is a G-equivariant S 1 -bundle map ζ * S → S covering ζ. For k and v as above,
It is readily seen that the diagram as in (3.18) is commutative. Therefore the functor ζ * is essentially surjective.
The functor ζ * is obviously faithful. We show that it is full. For any α : ((ζ * S 1 , ζ * S1 θ 1 ), 1) → ((ζ * S 2 , ζ * S2 θ 2 ), 1) where ζ * Si : ζ * S i → S i is the map covering ζ, there exists some β ∈ Bun S 1 (M )(S 1 , S 2 ) such that ζ * β = α because of the above-mentioned special case in [Bry1] . Since α is G-equivariant, it follows that β ∈ G-Bun S 1 (M )(S 1 , S 2 ). From ζ being a surjective submersion, for any v ∈ T s S 1 with s ∈ S 1 , there exists v ∈ T (z,s) ζ * S 1 with ζ(z) = π S1 (s)
We need two lemmas which are enhancements of [Wal1, Lemmas 1.3 and 1.5] in the G-equivariant case with connection. Their proofs follow line-by-line from Waldorf. 
are equivalences of categories.
Proof. We verify that the functor defined on G-Grb
, by Lemma 3.21, it follows that α is a morphism of the category G-Bun
, by the same lemma there exists a morphism σ in G-Bun S 1 ,∇ (P [2] ) that is pulled back to α. Now we define a
The inclusion functor is clearly faithful, and we show that it is full. Let β :
. By Lemma 3.19 there exists a morphism β P in G-Bun S 1 ,∇ (P ) that is pulled back to β W . Accordingly we have a 2-morphism defined by the pair (P, β P ) with G-cover id P which is equivalent to the pair defining β.
3.4.
Trivializations and isomorphism classes. Proposition 3.22 greatly simplifies the types of morphisms one must consider. First, the natural equivalence
, given by the Picard structure, tells us that to understand isomorphisms in G-Grb(M ) it suffices to understand isomorphisms I → L, and thus it suffices to understand the fiber product trivializations G-Grb FP (I, L). Let us unpackage the data in an arbitrary K = (Z, K, α) ∈ G-Grb FP (I, L). We may assume the G-cover ζ :
). Analogous to the description of µ in Remark 3.7, the isomorphism α is equivalent to an isomorphism α : δK → L . The condition that α is compatible with µ now means that
as the full subcategory of G-Grb ∇ (M ) consisting of objects L such that the underlying topological gerbe is isomorphic to the trivial gerbe I ∼ = L ∈ G-Grb(M ). This is the analog of a topologically trivializable S 1 -bundle whose connection has non-trivial holonomy.
Previously, we discussed how any B ∈ Ω 2 G (M ) determines I B ∈ G-Grbtriv ∇ (M ) given by the trivial gerbe but with curving 2-form B. We now show that this map is surjective on isomorphism classes of objects. Note that any (K, ∇ K ) ∈ G-Bun S 1 ,∇ (M ) naturally determines a 1-morphism I B → I B+curvG(∇K ) . In this way, the groupoid G-Bun S 1 ,∇ (M ) acts on Ω 2 G (M ), and we denote the induced action 2-groupoid as Ω
is the set of objects, and the groupoid of morphisms from B 1 to B 2 is the subgroupoid of G-Bun S 1 ,∇ (M ) given by (K, ∇) with curv G (∇) = B 2 − B 1 .
We first point out a basic lemma whose proof is a simple homework problem.
Lemma 3.23. Suppose G 1 → G 2 → G 3 is an exact sequence of groups, and
are equivariant maps, where each A i is acted on freely and transitively by G i . Then, the image f 2 (f 1 (A 1 )) is a single element * ∈ A 3 ; and, a 2 ∈ A 2 is in the image of f 1 if and only if f 2 (a 2 ) = * ∈ A 3 .
Proposition 3.24. The natural functor
is an equivalence of 2-groupoids and induces a natural isomorphism of abelian groups
Proof. We first we show that the functor is surjective on isomorphism classes of objects by proving that
As explained above, we use Proposition 3.22 to assume that K is given by a bundle
where δK denotes π * 2 K ⊗(π * 1 K) −1 . We now show the existence of a G-equivariant connection on K. Letting A(−)
G denote the affine space of G-invariant connections on an equivariant bundle, we have
where the top row is affine over the bottom row, and the bottom row is the exact sequence (3.3). By Lemma 3.23, an element ∇ δK ∈ A(δK) G is in the image of δ A(K) G if and only if it induces the trivial connection on δ(δK) ∼ = 1, where the canonical isomorphism also
Hence, there exists a (non-unique) connection
. We now consider the groupoid of morphisms. Any (K, ∇) ∈ G-Bun S 1 ,∇ (M ) that satisfies curv G (∇) = B 2 − B 1 ∈ Ω 2 G (M ) clearly determines a 1-morphism, viewed as an object in the groupoid of morphisms G-Grb ∇ ( I B1 , I B2 ). To see that this is essentially surjective, we again will use Lemma 3.19. We may assume that an isomorphism I B1 → I B2 is isomorphic to one given by a G-equivariant S 1 -connection (K, ∇) ∈ G-Bun S 1 ,∇ (M ) satisfying curv G (∇) = B 2 − B 1 , together with an isomorphism α : (K, ∇) → (K, ∇). The compatibility of α with µ 1 = µ 2 = id implies that α • α = α, and hence α = id (c.f. [Wal1, Section 3] ). Therefore, any 1-morphism I B1 → I B2 is equivalent to some (K, ∇) ∈ G-Bun S 1 ,∇ (M ) B2−B1 . Finally, for such 1-morphisms (K i , ∇ i ), the 2-morphisms (
Finally, the image of curv G :
This fact, which we believe is fairly well-known, is implied by the isomorphism
Corollary 3.25. The natural functors
are equivalences of groupoids.
Proof. As noted in (3.17), the Picard structure gives a natural identification Aut( L) ∼ = Aut( I 0 ) for any L ∈ G-Grb ∇ (M ). By Proposition 3.24, Aut( I 0 ) is equivalent to the full subgroupoid of G-Bun S 1 ,∇ (M ) consisting of objects (K, ∇) with equivariant curvature curv G (∇) = 0 − 0 = 0, which is the groupoid G-Bun S 1 ,∇ (M ) flat . Similarly, there is a natural identification Aut(L) ∼ = Aut(I) for any L ∈ G-Grb(M ). The same argument used in Proposition 3.24, but ignoring the differential forms and connection data, shows Aut(I) is equivalent to G-Bun S 1 (M ).
If there is an isomorphism of the underlying equivariant bundle gerbes without connection
The above discussion may be summarized by the following proposition, which is given by combining Propositions 3. 15, 3.24, 3.26 and [Sti, Proposition 3.2] .
Proposition 3.27. The following is a commutative diagram of abelian groups
. The upper horizontal map is surjective and determines the short exact sequence
3.5. The induced simplicial gerbe. As observed in numerous sources (e.g. [Mei, MRSV, NS, Sti, TX] ), an equivariant gerbe L ∈ G-Grb(M ) naturally determines a gerbe G • × L on the simplicial manifold G
• × M . We write this as (3.29)
where d i denote the face maps, with d 0 (g, x) = x the source and
is then an abbreviated form of the following diagram.
(3.30)
The maps
where all structures are diffeomorphic; one does not need to first pass to another cover.
Gerbes on the quotient stack
We now give a different and more conceptual view of G-equivariant gerbe connections. As a simpler example, it is well-known that G-equivariant S 1 -bundles on M are equivalent to S 1 -bundles on the Lie groupoid G × M ⇒ M , which are equivalent to S 1 -bundles on the simplicial manifold G
• × M . When connections are introduced, the situation is more complicated. Given P ∈ G-Bun S 1 (M ), a G-invariant connection on P will not define a connection on the induced bundle over the Lie groupoid G × M ⇒ M unless that connection was g-basic. However, when one realizes that EG × G M is the globally valid replacement of M/ /G, it becomes natural to consider E ∇ G × G M , the version of the quotient stack that includes connections on the principal G-bundles.
and it does so in a natural way compatible with pullback maps. Explicitly, a map of G-bundles ϕ gives an isomorphism between the two induced gerbes with connection, as indicated in the following diagram.
(4.1)
2 S 1 ). Fortunately, isomorphism classes of such gerbes may be classified via existing results and general theory.
Proposition 4.2. There are natural isomorphisms of abelian groups
Proof. The second isomorphism was already explained in Section 2.3. The Deligne complex gives a model for the 2-category of gerbes with connections, and hence there is an equivalence of sheaves
which induces a natural isomorphism
. To see the corresponding result without connections, we know that the sheaf of bundle
The short exact sequence of abelian Lie groups 0 → Z ֒→ R → S 1 → 0 induces a long exact sequence
Here we write Ω 0 to indicate that R is the sheaf of smooth real-valued functions, as opposed to the sheaf R δ of locally constant functions. By Lemma 4.3 below, which uses that M/ /G is a proper Lie groupoid, the first and last terms in the above sequence vanish and give an isomorphism
Finally, the sheaf Z is discrete, and hence
The following lemma, used in the proof of Proposition 4.2, is a special case of one of the main theorems from [AC] , though their language looks different than ours. For that reason, we prove why our desired result follows from the theorem of Abad-Crainic.
Lemma 4.3 (Corollary 4.2 of [AC]). Suppose that G is a compact Lie group. If
Proof. If G is compact, then the action of G on M is proper and G × M ⇒ M is a proper Lie groupoid. Thus, Corollary 4.2 of [AC] implies the (co)homology of
vanishes at all terms where n > 0. Our definition of sheaf cohomology in (2.19) states that
One can actually calculate this by the following:
The above string of equivalences is justified by the following. The first equivalence follows The seventh is a simplification of the general principal that in chain complexes, homotopy limits over a simplicial diagram may be calculated via the total double complex; see [Dug, Section 19.8] or [BSS, Appendix B.1] .
Finally, π 0 of the resulting simplicial set is simply
, which is precisely what is proven to vanish by Abad-Crainic.
4.1. The functor between the two models. Our goal is now to relate these two models of equivariant gerbe connections, given by G-Grb ∇ (M ) and Grb ∇ (E ∇ G × G M ), in a way analogous to (2.17). The following proposition will be the key to doing so, and it generalizes the construction of (2.16): given (P, Θ) ∈ Bun G,∇ (X) and (L, ∇) ∈ G-Bun S 1 ,∇ (P ), there is a canonical way to modify ∇ so that it becomes G-basic and descends to the quotient L/G.
Proposition 4.4.
(1) A principal G-bundle P ∈ Bun G (X) determines a natural functor
(2) A principal G-bundle with connection (P, Θ) ∈ Bun G,∇ (X) determines a natural functor
, and the curvature satisfies
under Ω 3 G (P )
Proof. We first do the topological case, which is straightforward. Let L = (Y, L, µ) ∈ G-Grb(P ). Since G acts freely on P , it also acts freely on Y , Y [2] , and L. Therefore, we have the following commutative diagram,
where each vertical map is a principal G-bundle. Because G acts freely on P and Y , there is a natural diffeomorphism
To see this, observe that the projection
Y /G Y P Y /G P/G, where the front and rear faces are pullbacks of surjective submersions, and the other four faces are pullback squares of principal G-bundles. This gives
the structure of a principal G-bundle and produces the desired diffeomorphism (4.6).
The original bundle gerbe multiplication µ is G-equivariant and naturally descends to a map on the quotientsπ *
denotes the induced map on the quotient manifolds. Therefore, the bottom row of (4.5) is the data of the bundle gerbe on P/G = X,
Similarly, any G-equivariant 1-morphism K = (Z, K, α) or 2-morphism J = (W, β) descends to an ordinary bundle gerbe 1-morphism K/G := (Z/G, K/G, α/G) or 2-morphism J /G := (W/G, β/G). This establishes the desired functor G-Grb(P ) → Grb(P/G) when G acts freely on P .
For the second part, assume (P, Θ) ∈ Bun G,∇ (X). We define
) and Θ * B ∈ Ω 2 (Y /G) are given by (2.14) and (2.10), respectively. The compatibility between Θ * B and Θ * (L, ∇), along with the calculation of curv(Θ * L), follows directly from the naturality of the Weil homomorphism. First,
Second, since
There is now an obvious map
given by the following. For a moment, we use φ to denote the connection 1-form so as not to confuse between connection forms and covariant derivatives.
Explicitly, this can be written as
. Using the functors (4.7) or (4.9), along with Proposition 4.2, we now define the equivariant Dixmier-Douady class
. Our present goal is to show the second map in (4.10) is an isomorphism. Fortunately, Tu-Xu already proved that the homomorphism
In [TX, Theorem 2.8, Corollary 2 .10], they show that for any class
It therefore remains for us to show the homomorphism π 0 (G-Grb(M )) → H 3 G (M ; Z) is injective, a fact that was previously noted but not proven in Remark 5.8 of [Sti] . Our proof relies on better understanding the behavior of L → L and using this to show that
Proof. The simplicial manifold G
where we view G × M as a trivial principal (left) G-bundle over M , and
The bundle also has a natural section of d 0 given by the degeneracy map
The remaining components of the natural map M/ /G → EG × G M can be seen through the following.
(4.12)
This diagram commutes because of the simplicial identities d 0 d j = d j−1 d 0 for j > 0, and hence it forms a simplicial G-bundle on G • × M with an equivariant map to M . To compute L when evaluated on M/ /G, note that we have a natural isomorphism between the pullback of L in (4.12) and the following diagram.
Furthermore, the section s 0 pulls back along each map in the following way:
Hence, when one quotients the above diagram by G, the result is a diagram that is naturally isomorphic to the diagram (3.30) defining G
• × L.
Proof of equivalence.
Proposition 4.13. The group homomorphism
Suppose there is an isomorphism K : I → L , where I is the image of the trivial gerbe I.
Evaluating K on the natural map M → EG × G M , described in Proposition 4.11, gives an ordinary non-equivariant trivialization
As discussed in Section 3.4, we may assume K is given by K ∈ Bun S 1 (Y ) with an isomorphism α : δK → L, which is a priori non-equivariant. But, Red2, Theorem 4.3] , therefore implies that K ∈ G-Bun S 1 (Y ). Since the isomorphism α also extends to G
• × L, this implies that α is equivariant with respect to the induced induced G-structure on K. Therefore, our morphism K is G-equivariant and provides a trivialization of L ∈ G-Grb(M ).
Proposition 4.14. The equivariant Dixmier-Douady class gives a natural isomorphism of abelian groups
, it suffices to evaluate on all possible
Using the definition of L in (4.8), along with Proposition 4.4, we see that
This is precisely the image of curv G ( L) in Ω 3 (E ∇ G × G M ) when evaluated on (P, Θ, f ), as defined in (2.12).
Finally, note that G-Grb ∇ (M ) flat is defined as the full subgroupoid of G-Grb ∇ (M ) whose objects have curvature 0. Thus, the sequence
is exact, and we use the existing short exact sequence (2.21) to define the isomorphism
induces an isomorphism between the two character diagrams.
Theorem 4.16. Let G be a compact Lie group and M ∈ G-Man. The natural functors
defined in (4.7) and (4.9), are both equivalences of 2-groupoids in ∞-Gpd.
Proof. Proposition 4.14 and Theorem 4.15 show that both functors are bijections on isomorphism classes of objects. As explained in Section 2.1, we must now show that both functors induce equivalences between all automorphism groupoids. As explained in (3.17), the Picard structures naturally identify automorphisms of a general object with automorphisms for the trivial object, which greatly simplifies the remaining task.
Corollary 3.25 gives an equivalence Aut(L)
It is a well-known result that the induced functor G-Bun S 1 (M )
is an equivalence of categories [Red2, Theorem 4.3] . Therefore, we may conclude that G-Grb(M ) ≃ − → Grb(E G × G M ) is an equivalence. Corollary 3.25 also shows Aut( L) ≃ G-Bun
which is the subgroupoid of
1 ) consisting of objects whose curvature is 0 ∈ Ω 2 (E ∇ G × G M ). In other words, Aut( L ) ≃ Red2, Theorem 4.3] , when restricted to the subgroupoids of flat connections, implies
Applications
The results from the previous section have a few immediate consequences that we briefly explain.
5.1. Equivariant holonomy. One important general principle is the following: Any natural construction involving gerbes has an equivariant generalization, because equivariant gerbes pull back to ordinary gerbes. More precisely, L ∈ G-Grb ∇ (M ) determines L ∈ Grb ∇ (E ∇ G × G M ), which pulls back along any (P, Θ, f ) : X → E ∇ G × G M to an ordinary gerbe with connection L (P, Θ, f ) ∈ Grb ∇ (X), as indicated by
A specific instance of this principle is surface holonomy for gerbes with connection. Holonomy for ordinary gerbe connections is defined in a number of ways, and it classifies gerbe connections up to isomorphism; see [BTW, GR, FNSW, MP] for various treatments. If Σ 2 is a closed oriented surface, then any gerbe connection on Σ 2 is isomorphic to I B for some B ∈ Ω 2 (Σ 2 ). The holonomy is defined by
where S 1 continues to be identified with R/Z to avoid factors of 2πi. For general L ∈ Grb ∇ (M ), the holonomy Hol L (f ) along f : Σ 2 → M is simply Hol IB , where f * L ∼ = I B . This existing holonomy construction immediately defines a version for G-equivariant gerbe connections. Suppose that M ∈ G-Man and L ∈ G-Grb ∇ (M ). Given (P, Θ) ∈ Bun G,∇ (Σ 2 ) and a G-equivariant map f : P → M , then Θ * (f * L) ∈ Grb ∇ (Σ 2 ). We simply define the equivariant holonomy along (P, Θ, f ) :
The equivariant holonomy is invariant under gauge transformations ϕ : P → P , in that Hol L (P, ϕ * Θ, f • ϕ) = Hol L (P, Θ, f ).
Furthermore, if W 3 is an oriented 3-manifold, then the equivariant holonomy along the boundary of (Q, Θ, F ) : W 3 → E ∇ G × G M is given by the integrating the image of the equivariant curvature under the Weil homomorphism,
Therefore, one can consider the equivariant holonomy of objects in G-Grb ∇ (M ) as a way to define WZW terms in gauged sigma models [Wit, FOS, GSW1, GSW2, BE] .
Example 5.1. Consider G = U (n), M = pt, and the topologically trivial gerbe I ∈ U (n)-Grb ∇ (pt) ∼ = Grb ∇ (B ∇ U (n)). Since H 3 (BU (n); Z) = Ω 3 U(n) (pt) = 0, the short exact sequence (2.23) induces an isomorphism This example illustrates why the gerbe connections in this paper should be thought of as G-equivariant, as opposed to merely G-invariant. Furthermore, it explicitly demonstrates that the category of equivariant gerbe connections considered by Gomi in [Gom1, Gom2] is not equivalent to G-Grb ∇ (M ); in particular, compare [Gom1, Proposition 4.6 and Theorem 5.16] with Theorem 4.15 and the short exact sequence (2.22).
5.2. Equivariant gerbes over compact semisimple Lie groups. Let G be a finitedimensional Lie group, viewed as a G-manifold under the adjoint action of G on itself. To emphasize the action is conjugation, as opposed to left or right multiplication, we write E ∇ G × Ad G for the differential quotient stack. Note that (P, Θ, g ϕ ) : X → E ∇ G × Ad G is equivalent to (P, Θ) ∈ Bun G,∇ (X), together with a gauge transformation ϕ : P → P . Hence, L ∈ Grb ∇ (E ∇ G × Ad G) associates to any such (P, Θ, g ϕ ) an ordinary gerbe with connection on X.
Gerbes on G are the largest source of equivariant gerbes in the existing literature. Detailed constructions, in various forms, have been studied in [BXZ, Bry2, GR, Mei, MW] . While it is often desirable to have explicit geometric models, it is not always strictly necessary, and we now give a complimentary approach that requires very little work.
Let θ,θ ∈ Ω 1 (G; g) denote the left-invariant and right-invariant, respectively, MaurerCartan forms on G. If G is compact semi-simple, then H 1 (G; R) = H 2 (G; R) = 0 [CE, Theorem 21.1] . Hence H 3 (G; R) ∼ = H 4 (BG; R) ∼ = (S 2 g * ) G , allowing us to identify any element η ∈ H 3 (G; R) with , η , an Ad-invariant symmetric bilinear form on g. We normalize so that η is canonically represented by the closed bi-invariant 3-form θ, [θ, θ] η ∈ Ω 3 (G). This 3-form has an equivariantly closed extension [Jef, AMM] ; in the Cartan model this takes the form 
